Let G and H be graphs. A graph with colored edges is said to be monochromatic if all its edges have the same color and rainbow if no two of its edges have the same color. Given two bipartite graphs G1 and G2, the bipartite rainbow ramsey number BRR(G1; G2) is the smallest integer N such that any coloring of the edges of KN;N with any number of colors contains a monochromatic copy of G1 or a rainbow copy of G2. It is shown that BRR(G1; G2) exists if and only if G1 is a star or G2 is a star forest. Exact values and bounds for BRR(G1; G2) for various pairs of graphs G1 and G2 for which the bipartite ramsey number is deÿned are established.
Introduction
The study of Ramsey numbers began with the 1930 paper of Frank Ramsey [19] . We state the ÿnite version of his theorem: Theorem 1. For any positive integers n 1 ; n 2 ; : : : ; n k and d, there exists an integer N = r d (n 1 ; n 2 ; : : : ; n k ) such that if the d-element subsets of the set {1; 2; : : : ; N } are colored
We thank the referee for his/her helpful comments regarding BRR(G 1 ; G 2 ) where one of G 1 and G 2 is C 4 .vertices), the rainbow ramsey number RR(G 1 ; G 2 ) to be the least positive integer N such that if the edges of K N are colored with any number of colors, the resulting graph contains either a monochromatic copy of G 1 or a rainbow copy of G 2 . RR(G 1 ; G 2 ) exists if and only if G 1 is a star or G 2 is a forest. Hence the existence of RR(G 1 ; G 2 ) requires that either G 1 or G 2 be bipartite. This observation and the notion of bipartite ramsey numbers suggests another ramsey concept. Given two bipartite graphs G 1 and G 2 (without isolated vertices), the bipartite rainbow ramsey number BRR(G 1 ; G 2 ) is the smallest integer N such that any edge-coloring of K N; N contains a monochromatic copy of G 1 or a rainbow copy of G 2 .
In Section 2 we show that BRR(G 1 ; G 2 ) is deÿned if and only if G 1 is a star or G 2 is a star forest, i.e., a union of stars. In Section 3 we focus on bounds and values for BRR(G 1 ; G 2 ) where both G 1 and G 2 are acyclic.
The existence of bipartite rainbow Ramsey numbers
We now determine those pairs of bipartite graphs for which the bipartite rainbow ramsey number exists.
Theorem 2. The bipartite rainbow ramsey number BRR(G 1 ; G 2 ) exists if and only if G 1 is a star or G 2 is a star forest.
Proof. First, suppose G 1 is not a star and G 2 is not a star forest. For any integer N , color K N; N as follows. Label the vertices of one partite set v 1 ; v 2 ; : : : ; v N . Color every edge incident with v i with color i for i = 1; 2; : : : ; N . Every monochromatic subgraph of this graph is a star. Thus, G 1 does not appear as a monochromatic subgraph. Consider any rainbow subgraph of this graph. Every v i that belongs to this subgraph must have degree 1, so a rainbow subgraph must be a star or union of stars. Thus, if BRR(G 1 ; G 2 ) exists, then G 1 is a star or G 2 is a star forest.
Next, we consider the case when G 2 is a star forest. If BRR(G 1 ; G 2 ) exists when G 2 is any star, then necessarily BRR(G 1 ; G 2 ) exists for G 2 any union of stars. Since any bipartite graph is a subgraph of K N; N for some n, it su ces to show that BRR(G 1 ; G 2 ) exists when G 1 = K N; N and G 2 = K 1;m . Since the result is immediate if m = 1 or 2 we assume m ¿ 3 and n ¿ 2.
Let N =(n−1)(m−1) (n−1)(m−1)+1 +1. Let X ={x 1 ; x 2 ; : : : ; x N } and Y ={y 1 ; y 2 ; : : : ; y N } be the partite sets of K N; N . Assume that K N; N is edge-colored with no rainbow K 1;m . Thus, at most m − 1 colors appear at each vertex.
Thus, some color, say c 1 , must appear at least N=m−1 times at vertex x 1 . Eliminate all the vertices y i in Y for which the edge x 1 y i is not color c 1 . Similarly, there must be a color c 2 so that at least N=(m − 1) 2 of the edges from x 2 to the remaining vertices in Y are in color c 2 . Eliminate all the vertices y i from Y for which x 2 y i is not color c 2 . Continuing in this fashion, we have colors c 1 ; c 2 ; : : : ; c (n−1)(m−1)+1 , not necessarily distinct, and at least N=(m − 1) (n−1)(m−1)+1 ¿ n vertices in Y so that every edge x i y j adjacent to a vertex y j in Y is in color c i , for i = 1; 2; : : : ; (n − 1)(m − 1) + 1.
Notice if there are at least m distinct colors among c 1 ; c 2 ; : : : ; c (n−1)(m−1)+1 , then we have a rainbow K 1;m with its center in Y . Hence we assume that at most m − 1 of them are di erent, with the result that at least ((n − 1)(m − 1) + 1)=(m − 1) = n of them are the same. The subgraph induced by the edges of such a color contains a monochromatic K n; n .
Finally, suppose G 1 is a star K 1;n . Again, it su ces to show that BRR(G 1 ; G 2 ) exists when G 2 is a complete bipartite graph, say K m; m .
Let
Consider any edge-coloring of K N; N that does not contain a monochromatic copy of K 1;n . Thus, each color appears at most n − 1 times at each vertex. There are N m N m di erent subgraphs of K N; N isomorphic to K m; m . We will estimate how many of these subgraphs might not be rainbow colored.
Consider the number of ways to choose a subgraph K m; m with two adjacent edges uv and uw that are the same color. There are at most 2N choices for u and N choices for v, in the other partite set. Then there are at most n − 2 other edges incident with u in the same color, so at most n − 2 choices for w. Since uw might have been chosen ÿrst, we have counted every pair of adjacent same-color edges at least twice. There are
ways to choose the remaining m − 1 vertices in X and
ways to choose the remaining m − 2 vertices in Y , for a total of at most N 2 (n − 2)
Next, consider the number of ways to choose a subgraph K m; m with two nonadjacent edges uv and xw in the same color. We may assume, without loss of generality, that u and x are in the ÿrst partite set and v and w are in the second partite set. There are N choices for u, N choices for v, and at most N − 1 choices for x. There are at most n − 1 edges incident with x in the same color as uv, so there are at most n − 1 choices for w. The choices of the edges uv and xw could have been made in either order, so we have counted each such pair of edges twice. There are Thus, the total number of nonrainbow subgraphs isomorphic to K m; m is at most
so there must be some subgraph isomorphic to K m; m which is rainbow colored.
It is natural to search for a relationship between rainbow ramsey numbers and bipartite rainbow ramsey numbers for pairs of graphs G 1 and G 2 for which both numbers are deÿned. Take an edge-coloring of the complete graph with RR(G 1 ; G 2 ) − 1 vertices containing no monochromatic G 1 and no rainbow G 2 . Remove edges to form a complete bipartite graph with 
Bipartite rainbow Ramsey numbers for acyclic graphs
By Theorem 2 we know that if BRR(G 1 ; G 2 ) exists, then G 1 is a star or G 2 is a star forest. We begin by establishing some general bounds for this number if it is deÿned. To simplify the statements of our theorems let S r denote any star forest with r components and let S r ; B r ; T r ; and F r be any star forest, bipartite graph, tree or forest, respectively with r edges.
Theorem 3. Let G n be any connected bipartite graph for which the largest partite set has n vertices. If BRR(G n ; B m ) exists, then BRR(G n ; B m ) ¿ (n − 1)(m − 1) + 1. Proof. This follows immediately from Theorem 3. Proof. This follows from Theorem 4.
Proof. This follows from Theorem 3.
Proof. This follows from Theorem 4.
Corollary 9. BRR(K 1;n ; K 1;m ) = (n − 1)(m − 1) + 1.
Proof. From Theorem 3 we know that BRR(K 1;n ; It was shown in [9] that RR(nK 2 ; mK 2 ) 6 2(n−1)m. Using the observation following Theorem 2 we can improve this upper bound to 2(n − 1)(m − 1) + 1 for n ¿ 2.
We now focus on bipartite rainbow ramsey numbers BRR(K 1;n ; F m ) and BRR(F n ; K 1;m ). We begin with some general results before proceeding to speciÿc structures for F m and F n .
Theorem 11. Suppose F m has no isolated vertices. Then BRR(K 1;n ; F m ) = O(mn).
Proof. By Theorem 3, BRR(K 1;n ; F m ) ¿ (n − 1)(m − 1) + 1.
We now show that BRR(K 1;n ; F m ) 6 mn. We proceed by induction on m. The result holds if m=1. Suppose m ¿ 2 and that the result holds for any acyclic graph F m−1 with m−1 edges. Consider an edge-coloring of K mn; mn that does not contain a monochromatic K 1;n . Let F m−1 be any acyclic graph with m − 1 edges obtained by deleting a leaf u from F m . By the inductive hypothesis, this coloring of K mn; mn contains a rainbow copy of F m−1 . Let v denote the vertex that corresponds to the vertex adjacent with u in F m . Note that v could be an isolated vertex. If so, we may choose v to be a vertex not incident with any edges of F m−1 . If there is a color incident with v that does not yet appear in the rainbow copy of F m−1 , and if such an edge is not incident with another vertex of the rainbow copy of F m−1 , then we have a rainbow copy of F m . So we may assume that the edges that join v to the vertices of K mn; mn , which are not in the rainbow copy of F m−1 , are colored with the m − 1 colors that appear in the rainbow copy of F m−1 . Since there are at least mn − m + 1 such edges, at least n of these edges are colored with the same color, producing a monochromatic K 1;n . Hence BRR(K 1;n ; F m ) 6 mn. This gives the desired result.
Theorem 12. BRR(T n ; K 1;m ) = O(mn).
Before proceeding with the proof we establish the following useful lemma. This lemma bears some similarities to a result in [3, p. 61] . That result states that for any graph G with minimum degree at least n and any tree T with order n + 1, T is a subgraph of G. We show that if we assume that G is bipartite with su ciently large average degree, then the conclusion still holds.
Lemma 13. If G is a bipartite graph with average degree at least 2n, then T n ∈ G.
Proof. We proceed by induction on n. Clearly any tree with one edge is a subgraph of a bipartite graph with average degree at least 2.
Suppose n ¿ 2 and that G is a bipartite graph with average degree at least 2n. Let H be a minimal subgraph with respect to having average degree at least 2n, i.e., H has average degree at least 2n but any proper subgraph has average degree less than 2n. Let w be a leaf of a tree T n and let u be its neighbor in T n . By the inductive hypothesis T n − w is a subgraph of H . If the vertex (corresponding to) u is adjacent with a vertex v in G that does not belong to this subgraph (isomorphic to) T n − w, then T n is a subgraph of G. Suppose thus that every neighbor of u in G belongs to the subgraph T n − w. Then deg G u 6 n − 1. Let s = x∈V (H ) deg H x. Then the average degree of H is s=k where k = |V (H )|. By the choice of H , s=k ¿ 2n and H − u has average degree less than 2n. Hence,
So, deg H u ¿ n. This contradicts the fact that deg G u 6 n − 1.
We now proceed with the proof of the theorem.
Proof. Corollary 7 implies that BRR(T n ; K 1;m ) ¿ ( (n+1)=2 −1)(m−1)+1: It remains to show that BRR(T n ; K 1;m ) 6 cnm for some constant c. Let N =2n(m−1). Consider any edge-coloring of K N; N . Suppose this edge-coloring does not contain any monochromatic copy of T n nor a rainbow copy of K 1;m . Thus, the subgraph induced by any color c has average degree strictly less than 2n. At most m − 1 colors appear at any given vertex v. Let C(v) be the set of colors appearing at a vertex v, and let V (c) be the set of vertices incident with edges in color c. Let deg c v be the degree of vertex v in the subgraph induced by all edges in color c.
For each color c, we have
Thus,
However,
Since there is no rainbow K 1;m , we have
Proof. Since every forest with n edges is the subgraph of a tree with at most 2n − 1 edges, the result follows from Theorem 12.
We now focus on bipartite rainbow ramsey numbers BRR(G 1 ; G 2 ) where G 1 is a star and G 2 is a matching.
Theorem 15. For any integers n; m ¿ 2, (n − 1)(m − 1) + 1 6 BRR(K 1;n ; mK 2 ) 6 n(m − 1) + 1:
Furthermore, if n ¿ 2, the upper bound can be improved to n(m − 1).
Proof. By Theorem 3, (n − 1)(m − 1) + 1 6 BRR(K 1;n ; mK 2 ).
For the upper bound we proceed by induction on m. Suppose m = 2 and consider any edge-coloring of K n+1;n+1 . Pick any edge, say it's colored with color 1. If there is no rainbow 2K 2 in this coloring, then every edge independent from this edge must have color 1. Thus, we have a monochromatic K n; n , which contains a monochromatic K 1;n . Now, if n ¿ 2, consider any coloring of K n; n . Again, choose any edge, say it has color 1. As before the remaining edges have color 1. Thus, we have a monochromatic K 1;n .
Assume the upper bound holds for m − 1 ¿ 2. Let N = n(m − 1) + 1. Suppose some edge-coloring of K N; N does not contain a monochromatic K 1;n . By the inductive hypothesis this coloring contains a rainbow copy of (m − 1)K 2 in colors 1; 2; : : : ; m − 1, say. If we remove the vertices in this matching, a subgraph isomorphic to K (n−1)(m−1)+1; (n−1)(m−1)+1 remains. If any color other than 1; 2; : : : ; m − 1 appears on this subgraph, then we have a rainbow mK 2 . Otherwise, every vertex in this subgraph is incident with (n − 1)(m − 1) + 1 edges colored with m − 1 colors. So there must be a monochromatic K 1;n .
For n ¿ 2, let N =n(m−1) and suppose K N; N is colored so that it does not contain any monochromatic K 1;n . By the inductive hypothesis we may assume that K N; N contains a rainbow copy of (m − 1)K 2 in colors 1; 2; : : : ; m − 1. Assume u i v i has color i. Let Corollary 16. For n ¿ 3, BRR(K 1;n ; 2K 2 ) = n.
Notice that BRR(K 1; 2 ; 2K 2 ) is 3, since K 2; 2 can be colored with two independent edges in one color and the other two independent edges in a second color. The bipartite rainbow ramsey numbers BRR(K 1; 2 ; mK 2 ) have connections with design theory. Theorem 17. For positive integers n ¿ 3 and 1 6 m 6 n + 2, the rainbow ramsey number BRR(K 1;n ; mK 2 ) = (n − 1)(m − 1) + 1.
Proof. By Theorem 3, BRR(K 1;n ; mK 2 ) ¿ (n − 1)(m − 1) + 1. To show that BRR(K 1;n ; mK 2 ) 6 (n − 1)(m − 1) + 1 we proceed by induction on m. If m = 1, the result is obvious. If m = 2, the result follows from Corollary 16. Suppose thus that m ¿ 3.
Let N = (n − 1)(m − 1) + 1. Consider any coloring of K N; N . Label the vertices in one partite set u 1 ; u 2 ; : : : ; u N , and the vertices in the other partite set v 1 ; v 2 ; : : : ; v N . By the inductive hypothesis we may assume that there is a rainbow copy of (m − 1)K 2 in K N; N . Suppose edge u i v i is colored i for 1 6 i 6 m − 1.
Let W be the subgraph induced by u m ; u m+1 ; : : : ; u N and v m ; v m+1 ; : : : ; v N . If any edge in W is colored with a color other than 1; 2; : : : ; m − 1, then we have a rainbow mK 2 . Since |W | = (n − 2)(m − 1) + 1 ¿ (n − 1)(m − 3) + 1 = BRR(K 1;n ; (m − 2)K 2 ), we may assume, by the inductive hypothesis, that W contains a rainbow copy of (m − 2)K 2 . Assume edge u (m−1)+i v (m−1)+i is color i for 1 6 i 6 m − 2. Now, consider vertices u i and v i for 2m − 2 6 i 6 N . Notice that N − (2m − 3) ¿ 2. Since there are (n − 1)(m − 1) + 1 edges incident with each of these vertices, we either have a monochromatic K 1;n or we have an edge in some color other than 1; 2; : : : ; m− 1 incident with each one of these vertices. The other endpoint of each such edge must be u m−1 or v m−1 , or else we have a rainbow mK 2 . Thus, the edges u i v m−1 and v i u m−1 for 2m − 2 6 i 6 N are all colored with new colors. If any two of these edges are colored with di erent colors, then some independent pair of these edges are colored with di erent colors. In this case, we again have a rainbow mK 2 . Thus, we may assume that all of these edges are colored with color m.
Notice that every edge incident with u i or v i , 2m − 2 6 i 6 N , other than u i v m−1 or v i u m−1 , must be colored with 1; 2; : : : ; m − 2. Otherwise, we have a rainbow mK 2 . Thus, vertex u 2m−2 is incident with (n − 1)(m − 1) edges in m − 2 colors. So some color must appear at least n times, producing a monochromatic K 1;n .
We now turn to bipartite ramsey numbers BRR(G 1 ; G 2 ) where G 1 is a matching and G 2 is a star. The following result will be useful in obtaining an upper bound in the next theorem.
Lemma 19. Any bipartite graph that contains at least n vertices with degree at least n must contain a set of n independent edges.
Proof. Choose a set C of n vertices so that each vertex has degree at least n. Let U be the one partite set and let V be the other partite set. Let u 1 ; u 2 ; : : : ; u k be the vertices in U ∩ C and let v k+1 ; v k+2 ; : : : ; v n be the vertices in V ∩ C. For each i, 1 6 i 6 k, choose an edge u i w so that w = v j for any k + 1 6 j 6 n and u i w is independent from any edges previously chosen. Since u i has degree n, there are at most k − 1 edges already chosen, and there are at most n − k edges u i v j , there is always an edge remaining that can be chosen. Similarly, we can choose edges wv j to complete the matching. At each vertex v, at most m − 1 colors appear. Let K 1;p1 ; K 1;p2 ; : : : ; K 1;p k(v) be the set of maximal nontrivial (at least 2 edges) monochromatic stars centered at v, where k(v) depends on v. Since N ¿ m, there must be at least one such star; k(v) ¿ 1. We must also have k(v) 6 m − 1, or we could take an edge from each star to obtain a rainbow K 1;m . The remaining edges incident with v are all colored with distinct colors, so there are at most m − 1 − k(v) of them. Thus, for each vertex v,
We will only consider edges contained in monochromatic stars of size n or more. If all monochromatic stars centered at a particular vertex v have at most n − 1 edges, then we must have
Thus, at each vertex v, at most k(v) − 1 stars have n − 1 or fewer edges. Thus, at most (k(v) − 1)(n − 1) + m − 1 − k(v) edges incident with v are not considered.
Consider the subgraph H induced by those edges contained in monochromatic stars of size n or larger. Each vertex v is the central vertex of monochromatic stars of size n or larger containing at least
In the sum on the right some edges of H may be counted twice. Proof. By Theorem 4, BRR(nK 2 ; K 1; 2 ) ¿ n. If we color K n; n with any number of colors so that no rainbow colored K 1; 2 is produced, then necessarily K n; n is colored with only one color. Hence, we have a monochromatic copy of K 1;n . Proof. The lower bound follows from Theorem 18. For the upper bound, suppose we have a coloring of K 2m−3; 2m−3 with no monochromatic 2K 2 and no rainbow K 1;m .
At each vertex v, let K 1;p1 ; K 1;p2 ; : : : ; K 1;p k(v) be the maximal monochromatic nontrivial (at least 2 edges) stars centered at v, where k(v) depends on v. As before, 1 6 k(v) 6 m− 1. Then
. Now, if any two nontrivial stars centered at two di erent vertices have the same color edges, then we have a monochromatic 2K 2 . Thus, we may assume that all of these stars are di erent colors. By assumption, each of these stars has at least two edges. Let k = min v k(v). If we consider the subgraph H induced by the edges of these nontrivial stars, then H will contain at least 2N (N − m + 1 + k) edges. Since the edges incident with each vertex are di erent colors, no edges have been counted twice.
Since the subgraph cannot contain more edges than K N; N , we have a contradiction.
We now ÿnd bounds for bipartite rainbow ramsey numbers of two graphs where one is a star and the other a path.
Theorem 23. For integers n; m ¿ 3
The next lemma is an improvement on Lemma 13 for the case that the tree is a path.
Lemma 24. For any integer n ¿ 3, if a bipartite graph G has average degree at least n − 1, then G has P n+1 as a subgraph.
Proof. We will proceed by induction on n. First, suppose n=3, and let G be a bipartite graph with average degree at least 2. Let v be a vertex of degree 2 or more. If every neighbor of v has degree 1, then v is in a component isomorphic to a star. But the average degree of a star K 1;k is 2k=(k + 1) ¡ 2. Thus, there must be a component that is not isomorphic to a star and that contains a vertex v of degree at least 2. We may assume that some neighbor of v, say u, also has degree at least 2. Thus, v has a neighbor other than u and u has a neighbor other than v. Since v and u are in di erent partite sets of a bipartite graph, they have no common neighbors. We have a subgraph P 4 .
Let G be a bipartite graph with average degree at least n − 1. Choose a subgraph H of G, not necessarily proper, so that H is minimal in the following sense: H has average degree at least n − 1, and every proper subgraph of H has average degree less than n − 1. By induction, we may assume that H contains a subgraph P n , with endpoints u and v. (Depending on the parity of n, P n contains either n=2 vertices in each partite set or (n+1)=2 in one set and (n−1)=2 in the other.) If there are no edges between the vertices of this path and the remaining vertices of H , then the average degree of vertices on this path is at most (n + 1)=2 ¡ n − 1. We could remove the component containing this path from H to obtain a graph of smaller order with average degree still at least n − 1. This contradicts our choice of H . Thus, there must be some edge from a vertex on the path to a vertex not on the path.
If there is an edge from u to v, we have a subgraph isomorphic to the n-cycle C n . Such a cycle, together with an edge to a vertex not on the cycle, yields a copy of P n+1 . We may assume that u is not adjacent to v. If u is adjacent to any vertex not on the path, then again we have P n+1 . We may assume that u is not adjacent to any vertex except for interior vertices of the path, so the degree of u is at most (n − 2)=2 for n even or (n − 1)=2 for n odd.
Remove u and the (at most (n − 1)=2) edges incident with u from H . The average degree of the resulting graph is at least 2(|E(
Thus, we have a proper subgraph of H with average degree at least n − 1, which again contradicts our choice of H . There must be some subgraph P n+1 in H and, hence, in G.
Proof. For the lower bound, color K 2(m−2); 2(m−2) as in the proof of Theorem 18. Then replace each vertex with n=2 − 1 vertices. In the resulting coloring, there is no monochromatic P n+1 and no rainbow K 1;m . The upper bound can be established exactly as in the proof of Theorem 12 using Lemma 24 instead of Lemma 13 and replacing 2n with n − 1.
Theorem 25. For any integers n; m ¿ 2, (n − 1)(m − 1) + 1 6 BRR(K 1;n ; P m+1 )
Proof. The lower bound follows from Theorem 3. For the upper bound let N = max((m − 2)(n − 1) + (m + 2)=2 ; (m − 1)(n − 1) + 1). First, suppose m = 2. Then N = n. Any coloring of K N; N either contains a monochromatic K 1;n or a rainbow P 3 = K 1; 2 .
Assume m ¿ 3. Then N ¿ 2n − 1. If there is no monochromatic K 1;n , then there must be at least three di erent colors appearing at each vertex. It quickly follows that there is a rainbow P 4 .
We will proceed by induction on m. Suppose K N; N is edge-colored with no monochromatic K 1;n . We may assume that there is a rainbow path P m . Let x and y be the vertices at the ends of this path. Since each color appears at most n − 1 times at each vertex, there must be m or more colors incident with any vertex. Thus, at each vertex, there is at least one edge incident that is colored in a new color not used on the path P m .
Say yw is an edge incident with y colored with a new color. If w is not on the path, then we have a rainbow P m+1 . We may assume that w is a vertex already on the path P m , possibly x.
Let c be the color of the edge on the path from y to x immediately before (and incident with) the vertex w. There are at least N − m=2 vertices not on the path and incident with x. If any of these edges is colored with a new color or with color c, then we have a rainbow P m+1 . Otherwise, the edges incident with x that join x to vertices not on the path are colored with at most m − 2 colors, and each appears at most n − 1 times. So N − m=2 6 (m − 2)(n − 1). This is a contradiction; there must be a rainbow P m+1 .
Corollary 26. For integers n; m ¿ 2 such that m 6 2n − 3, BRR(K 1;n ; P m+1 ) = (n − 1)(m − 1) + 1: Deÿne A = {a i |1 6 i 6 p}. Let B, C and D be deÿned similarly. Consider a walk containing exactly one edge of each color. By symmetry we may assume that the walk begins at a vertex of U . Since there are an even number of colors, such a walk must also end with a vertex of U . Edges in exactly 2p of the colors join a vertex in A or B to a vertex in C or D; edges in the remaining 2p colors join a vertex in A or B to a vertex in A or B and a vertex in C or D to a vertex in C or D. Thus, if the walk begins at a vertex in A or B, it ends at a vertex in A or B. Similarly, if it begins at a vertex of C or D, it ends at vertex of C or D.
By an identical argument, if the walk begins in A or C, it ends in A or C. If it begins at a vertex of B or D, then it ends at a vertex of B or D. It follows that any such walk begins and ends at the same set among A; B; C and D.
Let P i = {a i ; b i ; c i ; d i } and let P i = {a i ; b i ; c i ; d i } for 1 6 i 6 p . Four colors join vertices from P i to P i , four colors join P i to P i+1 , and so forth. There are four colors that act like each of the p di erent powers of the permutation (1; 2; 3; : : : ; p). Since (1; 2; 3; : : : ; p) 4 ( p 2 ) is the identity permutation, a walk that includes exactly one edge of each color and begins in P i must end in P i . Therefore, any such walk must be closed; it cannot be a path.
We have a coloring of K 4p; 4p with no monochromatic K 1; 2 and no rainbow P 4p+1 .
At this point we have only considered bipartite rainbow Ramsey numbers of pairs of acyclic graphs. However some of the previous results are also useful for graphs with cycles. In particular Theorem 3 implies that BRR(K 1;n ; C 4 ) ¿ 3n − 2, while the proof of Theorem 2 shows that BRR(K 1;n ; C 4 ) 6 2(3n − 5) + 2. So BRR(K 1;n ; C 4 ) = O(n). However, not all bipartite rainbow Ramsey numbers grow linearly with the order/size of the graphs. For example, BRR(C 4 ; K 1;m ) is quadratic in m. Chung and Graham [4] showed that the generalized ramsey number r(C 4 ; k) ¿ k 2 − k + 2. Therefore there exists a coloring of K m 2 −3m+3 with m − 1 colors that does not contain a monochromatic C 4 . If we restrict this coloring to a subgraph isomorphic to K (m 2 −3m+2)=2; (m 2 −3m+2)=2 we obtain a coloring that contains neither a monochromatic C 4 nor a rainbow K 1;m . So BRR(C 4 ; K 1;m ) ¿ cm 2 for some constant c. Using a slight modiÿcation of the proof in [14] , it can be shown that the maximum number of edges in a subgraph of K N; M , with 
